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We use the Heat Kernel method to calculate the Entanglement Entropy for a given entangling
region on a fractal. The leading divergent term of the entropy is obtained as a function of the fractal
dimension as well as the walk dimension. The power of the UV cut-off parameter is (generally) a
fractional number which indeed is a certain combination of these two indices. This exponent is
known as the spectral dimension. We show that there is a novel log periodic oscillatory behavior
in the expression of entropy which has root in the complex dimension of the fractal. We finally
indicate that the Holographic calculation in a certain hyper-scaling violating bulk geometry yields
the same leading term for the entanglement entropy, if one identifies the effective dimension of the
hyper-scaling violating theory with the spectral dimension of the fractal. We provide more supports
with comparing the behavior of the thermal entropy in terms of the temperature computed for a
fractal geometry and a hyper-scaling violating theory as well.
Introduction. A fractal is a self similar object with a
characteristic dimension known as the fractal dimension
which exceeds its topological dimension. Interestingly,
these properties are closely bound up with the known
characteristics of a critical system in physics. In fact,
self similarity can be translated to scale invariance at
the critical point and in correspondence with the fractal
dimension we would have the critical exponents in the
theories of the critical phenomena [1].
Furthermore, the fractal geometry is somehow inher-
ent in quantum mechanics. Indeed, as a result of the
uncertainty principle, the most probable trajectory of a
massive quantum particle is typically a fractal of dimen-
sion two. The importance of the fractal geometry will
become more apparent when we move to a relativistic
quantum many body system, due to the fact that such
systems admit some fractal-like behavior at the critical
points.
On the other hand, a unique feature of any quantum
mechanical system is the entanglement between its de-
grees of freedom which can be appropriately quantified
with the Entanglement Entropy.
The entanglement entropy for a subsystem is indeed
the Von-Neumann entropy constructed from the reduced
density operator associated to that subsystem. To be
more precise, suppose that a whole system in a pure state
is divided into two individual subsystems A and A¯. The
reduced density operator for each subsystem will be de-
fined as
ρA = TrA¯ ρtot . (1)
Then the entanglement entropy for the subsystem A
reads
SEE(A) = −TrA ρA log ρA . (2)
The main purpose of this study is to compute the En-
tanglement Entropy for a quantum many body system
whose distribution of degrees of freedom makes a fractal-
like pattern. Of course, the original idea of the random
fluctuating entangling regions has been presented in [2]
for the first time. As motivated above we think such cal-
culations would be interesting since quantum mechanical
systems typically exhibits fractal behavior at the critical
points. Technically we employ the Heat Kernel method
to achieve this goal. Of course this method applies only
to a free scalar field theory.
The paper is organized as follows. The first section
sets out to introduce some basics of the fractals. Then
we compute the entanglement entropy for a subregion on
a typical fractal using the heat kernel method. We also
review some aspects of the fractal’s thermodynamics in
this section. We highlight the log periodic oscillations in
the expression of entropy and end up with a comment on
the possible Holographic description and a short conclu-
sion.
The Characterization of a Fractal. A fractal is gen-
erally characterized by two independent parameters, the
fractal dimension, (df ), and the Walk dimension, (dw).
In what follows we briefly review the physical implica-
tions of these two indices.
The Fractal (Hausdorff) dimension: This index actu-
ally provides a measure of the spatial scaling on the frac-
tal. if we denote the length scale on the fractal by ℓ, we
can define df as follows
df = lim
ℓ→0
logV (ℓ)
log ℓ
, (3)
where by V (ℓ) we mean the volume of the fractal evalu-
ated at the length scale ℓ. Obviously, for a smooth man-
ifold, V (ℓ) ∼ ℓd and thus the fractal dimension coincides
with the dimensionality of spacetime.
The Walk dimension: Walk dimension is the index of
the anomalous diffusion on the fractal in the sense that
xr.m.s ∝ t
1/dw . (4)
Then since in a general case dw > 2, one may deduce that
the diffusion is slower on a fractal in comparison with a
smooth manifold.
2There is still another index which has very important
implications although it is not independent from the for-
mers. The so called spectral dimension, ds, is somehow
telling us about the scaling properties of the eigenval-
ues of the differential operator in the action of the field
theory. As we just pointed out, it is not an independent
index and is related to the fractal dimension and the walk
dimension as ds = 2df/dw.
Henceforth, we denote a fractal with specific indices
df , dw and ds by F
df
dw
or simply by F ds . It is worth
noting that in this sense Rd is just a particular fractal,
R
d ∼ F d2 .
Entanglement Entropy on a Fractal. In this section we
calculate the entanglement entropy for a spatial entan-
gling region whose boundary, Σ, is a fractal. To achieve
this we employ the usual replica method. The main chal-
lenge in this calculation is to compute the partition func-
tion or better said the effective action, Wn, on a mani-
fold with conical singularity. If we could then it would be
straightforward to compute the EE through the relation
SEE(Σ) = (n∂n − 1)Wn
∣∣
n=1
. (5)
The crucial point is that the effective action can be read
off from the trace of the heat kernel as follows
Wn = −
1
2
∫ ∞
ǫ2
ds
s
TrKn(s) . (6)
where ǫ is the regularization parameter. Now the whole
problem reduces to evaluating the heat kernel on a man-
ifold with conical singularity. All we need to compute
is
TrKn(s) = TrKC2(s)× TrKFds (s) , (7)
where C2 is a two dimensional cone. Parameterizing the
cone with the polar coordinates (r, φ), the replication
would be possible through changing the periodicity of the
angular coordinate, φ, to 2πn. It also should be noted
that in this setup Σ is located at r = 0.
Fortunately, there are some known estimations for the
Heat Kernels on the fractals. It has been shown that
for a wide range of fractals one can write the following
sub-Gaussian estimate of the heat kernel [3]
K
F
df
dw
(X,X ′; s) ≈
1
(4πs)df/dw
exp

−
(
|X −X ′|
dw
4s
) 1
dw−1

 ,
(8)
where X denotes the coordinates on the fractal and s
is an auxiliary time coordinate. As expected, for the
especial case (df = d, dw = 2), we recover the heat kernel
on Rd.
In two dimensions it is possible to compute the heat
kernel on C2, using the Sommerfeld formula, see e.g. [5]
Kn(φ, φ
′; s) = K(φ, φ′; s)+
i
4πn
∫
C
dω cot(
ω
2n
)K(φ−φ′+ω; s) ,
(9)
here we have dropped r and r′ for simplicity. In this
formula the contour C consists of two vertical lines from
(−π+i∞) to (−π−i∞) and (π−i∞) to (π+i∞). These
lines intersect the real axis, between the poles of cot( ω2n ).
A direct calculation yields
TrKC2 =
1
12n
(1− n2) , (10)
where we have dropped a volume term which corresponds
to the vacuum energy. On the other hand
TrKFds (A) =
1
(4πs)ds/2
As(Σ) , (11)
where As(Σ) is the spectral area of Σ. Substituting these
into (6) and (5) we ultimately arrive at the following
expression for the entropy. This is actually our main
result in this note
SEE(F
ds) =
1
6
1
(4π)ds/2
As(Σ)
dsǫds
. (12)
Expectedly, for df = d − 2 and dw = 2 we recover the
leading term of the entanglement entropy for an entan-
gling region on Rd.
It is worth noting that applying a similar methodology
one would be able to investigate the fractal’s thermody-
namics. To do so one needs to compute the heat kernel
on the circle of the compactified Euclidean time. Then
one would be able to find the thermal effective action in
terms of the temperature T = 1β =
1
2πR . What we need
to evaluate is
Wβ = −
1
2
∫ ∞
ǫ2
ds
s
(TrKS1(s)× TrKFds (s)) , (13)
Using the image method, the trace of the heat kernel on
S1 is found to be [6]
TrKS1(s) =
2β
(4πs)1/2
∞∑
n=1
e−
β2n2
4s . (14)
Putting things together we finally arrive at [7]
ST (F
ds) =
1
2ds−1π(3ds+1)/2Rds
Γ
(
ds + 3
2
)
ζR(ds+1)Vs ,
(15)
where Vs is the spectral volume on the fractal and
ζR(ds + 1) denotes the Riemannian zeta function. The
dependence on the temperature
ST ∼ T
ds . (16)
is a very interesting feature of the fractal geometries. We
will get back to this when we propose our holographic
recipe.
Before going ahead we would like to elaborate more
on the validity of the estimation we have used in our
3calculations. It should be noted that the sub-gaussian
form provides just lower and upper bounds for the heat
kernel on the fractal. Indeed, it has been shown that the
heat kernel generally admits a log periodic oscillatory
behavior between these two bounds [3], see also [4] . In
this sense and focusing just on the desired sub-leading
term of the heat kernel trace we find
TrKFds (s) ∼
1
(4πs)ds/2
[
1 + a cos
(
b
dw
log s+ c
)
+ · · ·
]
,
(17)
where a, b and c are some real constants. Using this
one can show that the leading term in the EE gets the
following correction
SEE(F
ds)→ SEE(F
ds)
(
1 +
ad2w[d
2
s cos(c+ 2
b
dw
log ǫ)− 2bds sin(c+ 2
b
dw
log ǫ)]
4b2 + d2wd
2
s
· · ·
)
. (18)
The second term in the parenthesis is a finite term
which can be absorbed by a redefinition of ǫ. It is legiti-
mate since the regulator of the auxiliary time parameter
of the heat kernel is not necessarily the same as the pa-
rameter of the UV cut-off. Apart from, one may take the
sub-Gaussian estimate as an averaged asymptotic form
of the heat kernel on the fractal. Although such a log
periodic oscillatory behavior does not affect the leading
term of the entropy, it is an important unique feature of
the fractals which somehow defines the fractility. In what
follows carrying out an explicit example we explore this
aspect of the fractal geometry in more detail.
An Explicit Example. There is a well known transfor-
mation between the heat kernel trace and the zeta func-
tion which enables us to define a fractal in an alternative
way. This transformation which is known as the Mellin
transformation has the following form
TrKFds (s) =
1
2πi
∫
Cm
dzs−zΓ(z)ζFds (z) , (19)
where Cm is the Mellin contour which covers all the poles
of the integrand [8]. As can be seen from this relation,
the poles of the zeta function correspond to the small s
asymptotic of the heat kernel trace and thus will generate
the leading terms of the entropy. A distinguishing feature
of each fractal is that its geometrical zeta function admits
some complex poles. In this sense on may define a fractal
as a set whose geometrical zeta functions has complex
poles [9]. Then the spectral dimension of the fractal will
be specified as [3]
ds = 2×Maxℜ (poles of ζFds (z)) . (20)
As an illustrative example, let us consider a 2 + 1 di-
mensional field theory at t = 0 and with a fractal string
at x = 0 as the divided boundary. By the fractal string,
S, we mean a set of intervals in real space whose lengths
make a sequence. For demonstration purposes we denote
a fractal string as follows
S : ∪k{ℓk;mk, k ∈ N} , (21)
where ℓk shows a decreasing sequence of the interval
lengths and mk represents the multiplicity, i.e. the num-
ber of the lengths.
As an explicit example we normalize the length of the
divider boundary to one and make a Cantor string with
the following definition
CS : ∪k{3
−k; 2k−1, k ∈ N} . (22)
The zeta function for such a geometry has a tower of
complex poles whose real part gives [10]
ds = log 4/ log 3 , (23)
and the imaginary part makes a log periodic oscillatory
behavior. Therefore the leading term of the entanglement
entropy reads
SEE(CS) = (const.)×
ℓs
ǫlog 4/ log 3
(1+a cos(b log ǫ+c))+· · · .
(24)
where the spectral length, ℓs tells us at which length scale
one has measured the length of the Cantor string. Inter-
estingly, for a Cantor set the spectral dimension coincides
with the fractal dimension [11], therefore one has
ℓs = 1 · ℓ
log 4/ log 3 . (25)
where ℓ ≈ 0 denotes the length scale. Of course, this
picture can alternatively be viewed as the entangling de-
grees of freedom which are distributed as a Cantor dust
along the entangling boundary.
A Comment on Holography. There is a very intuitive
prescription for the holographic calculation of the en-
tanglement entropy. According to the Ryu-Takayanagi ’s
proposal, all we need to compute is the area of a minimal
surface, ΣH , which is governed by extending Σ into the
bulk space. Then the entanglement entropy simply reads
[12]
SHE =
A(ΣH)
4GN
, (26)
where GN is the Newton constant.
4A Holographic description of our problem might be
possible in the context of the Holographic Hyper-scaling
Violating theories. These theories are characterize by
a new exponent, θ, the so called hyper-scaling violating
exponent. The Lorentz invariant form of the metric in
d+ 3 dimensions reads
ds2 = r−
−2(d−θ+1)
(d+1) (−dt2 + dr2 +
d−1∑
i=1
dx2i ) , (27)
Roughly speaking we can say that the dual theory lives
in dθ = d− θ effective dimensions.
Our proposal is to identify dθ with the spectral di-
mension of a fractal which lives on the boundary. This
seems reasonable at least when the entropy calculation is
concerned. Actually, an explicit calculation of the holo-
graphic entanglement entropy yields the following leading
term of the entropy [13]-[15].
SEE ∼
1
dθǫdθ
, (28)
which exactly coincides with the divergent part of (12),
if we identify dθ with ds.
Yet another support comes from the thermodynamics
on the fractals. As mentioned in (16), the temperature
appears in the entropy with a scaling exponent which
is actually the spectral function. This behavior is ex-
actly the same as what we observe in the hyper-scaling
violating theories. Just to match the dimensionality on
both bulk gravity/thermal field theory sides we consider
a hyper-scaling violating geometry in d + 2 dimensions.
Calculating the thermal entropy in such a background
one finds [13], [14]
ST ∼ T
dθ . (29)
which again coincides with the entropy/temperature pro-
portionality in a fractal under the assumption ds ∼ dθ.
Therefore it seems that there are sufficient witnesses to
conclude that the hyper-scaling violating bulk geometry
may potentially capture some information of a fractal on
the boundary. This analogy leads us to conclude that the
characteristic indices of the fractal can be encoded in the
hyper-scaling violation exponent of the bulk geometry.
Conclusion. In this note, computing the entanglement
entropy we investigate the dynamics of a quantum me-
chanical system with a fractal-like boundary. A good
candidate for this study would be quantum percolation.
We have found the entropy for a free scalar field the-
ory using the heat kernel methods. The entanglement
entropy is generally a well defined function of the frac-
tal’s exponents and naturally yields the entropy on Rd for
some special values of these indices. We believe that this
result accompanied with more generalizations for more
complicated cases would be very useful to extend our
understanding of the behavior of quantum many body
systems at the critical points and of course in charac-
terization of the phase transitions in a critical system.
This is our main objective in this study which is still in
progress in some aspects. In particular, it would be inter-
esting to calculate the universal logarithmic terms of the
entanglement entropy in order to find the central charges
for the fractal geometries, [16].
Beside these, as we have mentioned, there are some
evidences that there might be a holographic description
for such fractal geometries. We propose that the hyper-
scaling violating geometry with a certain choice of the
effective dimension may stand as a good candidate for
the bulk geometry. At least we have shown that with
a very special tunning of the parameters in the hyper-
scaling violating geometry, one can reproduce the same
leading term of the entropy on the boundary fractal, as
we call it. Beside that, the hyper-scaling structure of
the thermal entropy/temperature proportionality seems
to be the same on both sides. However, at the moment it
seems just to be an analogy. The work in this direction
is in progress, we hope to report our findings later.
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